We present a fully nonlinear and exact perturbation formulation of Einstein's gravity with a general fluid and the ideal magnetohydrodynamics (MHD) without imposing the slicing (temporal gauge) condition. Using this formulation, we derive equations of special relativistic (SR) MHD in the presence of weak gravitation. The equations are consistently derived in the limit of weak gravity and actionat-a-distance in the maximal slicing. We show that in this approximation the relativistic nature of gravity does not affect the SR MHD dynamics, but SR effects manifest themselves in the metric, and thus gravitational lensing. Neglecting these SR effects may lead to an overestimation of lensing masses.
INTRODUCTION
Magnetic fields are ubiquitous in celestial objects and in the universe as a whole. Magnetohydrodynamics (MHD) is often a useful approximation for treating fluid and gas coupled to the electromagnetic field. Relativistic processes play a crucial role in many astrophysical phenomena. Relativistic MHD is required to understand the physical processes in accretion disks, magnetospheres, the plasma winds and astrophysical jets near compact objects (e.g., neutron stars and black holes), and active galactic nuclei where the relativistic effects (of gravity, the gas velocity, the field strength, etc.) are significant. In none of these situation can the astrophysical processes be treated ignoring gravity.
Special relativistic (SR) MHD with non-relativistic gravity has been studied in the literature as well as fully generally relativistic (GR) MHD, which is implemented in numerical relativity simulations. (For textbook treatments, see Bona et al. 2009; Baumgarte & Shapiro 2010; Gourgoulhon 2012; Shibata 2016) . Full blown simulations using numerical relativity are ultimately the most reliable technique, but are computationally complicated, time consuming, and expensive. Moreover, the results depend on the gauge choice, gauge (i.e., coordinate condition), often making it difficult to extract the proper physical interpretation.
Here we present two formulations of GR MHD. The first is the exact and fully nonlinear GR MHD perturbation equations without imposing a particular slicing, or temporal gauge condition. This is an extension of fully nonlinear and exact perturbation formulation in the cosmology context Noh 2014 , Hwang, Noh & Park 2016 now including ideal MHD in Minkowski background. The other formulation is the SR MHD with weak gravitation as a consistent limit of the fully nonlinear and exact GR-MHD formulation [for hydrodynamic case, see ].
The equations of SR MHD with weak gravity and the fully nonlinear and exact perturbation of GR MHD are summarized in Sec. 2 and in the Appendix, respectively.
The equations are derived in Secs. 5 and 4, respectively. In our approximation the relativistic nature of gravity does not affect the SR MHD dynamics, see Sec. 2.2, but SR effects appear in the metric, thus affecting gravitational lensing, see Sec. 2.3.
SPECIAL RELATIVISTIC MHD WITH GRAVITATION
Our metric convention is
The index of χ i is raised and lowered using δ ij as the metric. Our spatial gauge conditions together with neglecting the (transverse-traceless) gravitational wave mode allow us to write the spatial part of the metric as above ). As we have not assumed any condition on α, ϕ and χ i , our formulation is valid to fully nonlinear order and exact. An extension to include the transverse, traceless mode without imposing the spatial gauge conditions is presented in Gong et al. (2017) . Keeping the χ i term is important to achieve a consistent derivation of our result in the weak gravity limit. We take the maximal slicing condition by setting the trace of the extrinsic curvature to be zero; in our notation κ ≡ 0 where κ is defined in Eq. (78); κ is the same as the expansion scalar in the normal frame with a minus sign, thus often termed as the uniform-expansion gauge in cosmology.
We assume the following weak gravity and action-ata-distance conditions
where t g ∼ 1/ √ G̺ and t ℓ ∼ ℓ/c ∼ 2π/(kc) are gravitational timescale and the light propagation timescale of a characteristic length scale ℓ, respectively; k is the wave number with ∆ = −k 2 .
Results
The equations of motion of SR MHD in the presence of weak gravity are Equations (10) and (11) show that the weak gravity conditions imply the action-at-a-distance condition in Eq. (2).
Equations (3)- (14) constitute a complete set. The pressure and anisotropic stress should be specified by equations of state, and we do not consider additional presence of heat flux. All the above equations are consistently derived in Sec. 5 from a fully GR MHD formulation derived and presented in Sec. 4 and in the Appendix, respectively.
Role of relativistic gravity on dynamics
In the derivation of the first three conservation equations in Eq. (3), we have strictly imposed the conditions in Eq. (2). All terms in Eqs. (5), (10), (11), and (14) are of the same order as in the fully SR situation with
Applying the weak gravity condition, we find that Poisson's equation simply becomes
with Ψ = Φ. Thus the gravity part in Eq. (3) becomes 
Therefore, in the framework of our approximation, the relativistic nature of gravity does not alter the dynamics of fluid and fields. For a static equilibrium situation, we have v i = 0, and the momentum conservation equation gives
For the gravitational potential in the above equation, we have ∆Φ = 4πG̺. However, for the metric we have
and χ i = 0. The metric is curved by the pressure and magnetic field contributions as well as the mass density, and these extra contributions alter the gravitational lensing predictions.
2.3. Impact of special relativity on gravitational lensing Equations (10)- (14) determine the spacetime metric calculated assuming weak gravity and taking into account SR effects, which are included in our approximation. Although χ i is non-vanishing in the maximal slicing, we can show that in the weak gravity approximation, the null geodesic equation simply becomes
and thus is the same as in the zero-shear gauge, taking χ ≡ 0 as the slicing condition. The null geodesic equation to 1PN order can be found in Sec. 5 of Hwang et al (2008) using a notation following . We note that the special relativistic effects of velocity, internal energy, pressure, anisotropic stress, and the magnetic field cause the two potentials Φ and Ψ to differ from each other. This might cause the gravitational lensing to differ from the conventional result, which assumes Ψ = Φ. In addition to this asymmetric effect (often known as a gravitational slip of the potentials), in the presence of this SR effect, instead of ∆(Φ + Ψ) = 8πG̺, we have
The gravitational potential 2Φ in the commonly used gravitational lensing formulae in Einstein's gravity should be replaced with Φ + Ψ. For positive pressure and anisotropic stress, all the SR terms leads to an overestimation of the mass. In a homogeneous background medium (as in Friedmann cosmology) with linear perturbations, only the density and pressure terms contribute to the lensing. The other terms are nonlinear perturbations. (10) has often been noted on several occasions in the literature (Tolman 1930; Whittaker 1935; McCrea 1951; Harrison 1965) . The pressure term, however, vanishes in the zero-shear gauge, and this contradicts with the well known Tolman-Oppenheimer-Volkoff equation for a spherically symmetric static solution (Tolman 1939; Oppenheimer & Volkoff 1939) . In we argued that when relativistic pressure is present, the zero-shear gauge is not a suitable gauge choice because it leads to an inconsistent result.
2.4. Non-relativistic MHD limit As the non-relativistic limit, we take c → ∞. To get the energy conservation equation properly, we need to consider next order in c −2 ; this is because our E contains the rest mass energy density which satisfies the continuity equation separately. In other words, in the c → ∞
The complete set of equations iṡ
and we have
Combining Eqs. (24) and (26) we have
where the contributions of magnetic field are interpreted as magnetic pressure and magnetic tension force densities, respectively. These differ from the contribution to the pressure and anisotropic stress appearing in the energy-momentum tensor; in the non-relativistic limit, Eq. (60) implies that
By replacing µ → µ + µ MHD , etc., in the hydrodynamic equations, we can derive the MHD equations.
The above equations can be combined to give
with
In the spacetime metric, we have Ψ = Φ, and Eq. (14) gives χ i = 0. Although Ψ does not affect the nonrelativistic hydrodynamic or MHD equations directly, the Newtonian gravity Φ naturally excites the postNewtonian potential Ψ (Chandrasekhar 1965 ).
GENERAL RELATIVISTIC ELECTROMAGNETISM
The complete set of fully nonlinear and exact perturbation equations with a general fluid component is presented in the Appendix of . The presence of EM field can be accommodated in the formulation by interpreting the contribution of the EM as fluid quantities with the Maxwell's equations appended. The energy-momentum tensor of EM field is
The tildes indicate covariant quantities. The EM tensor can be decomposed as
we have
Equation (34) can be written as
and the fluid quantities in the U a frame become
with the fluid quantities in the U a -frame introduced as
As we have non-vanishing q a for EM field, in order to have the nonlinear and exact perturbation formulation, we need to consider q a terms which are missing in our previous formulation. In the ideal MHD considered in this work, the flux term vanishes for MHD, see Eq. (50).
we have the four Maxwell's equations (Ellis 1973 )
with h ab ≡ g ab + U a U b the projection tensor. We have decomposed the four-current as
where the first and the second terms on the right-hand side are the convection and conduction currents, respectively. The covariant kinematic quantities ω a , σ ab , θ and a a are the vorticity vector, shear tensor, expansion scalar, and acceleration vector, respectively, based on the generic four-vector U a (Ellis 1971 (Ellis , 1973 . For the fluid (comoving) frame four-vector we have U a = u a . For the laboratory (normal) frame, we have U a = n a . In the following, we set b a ≡ B (u) a , B a ≡ B (n) a , and similarly for the electric field.
GENERAL RELATIVISTIC IDEAL MHD: DERIVATION
The Ohm's law relates the conduction current in Eq. (46) to the electric field in the comoving frame as (Jackson 1975)
with σ the electric conductivity. Ideal MHD results from taking perfectly conducting limit (with σ → ∞), so that E (u) a = 0, with non-vanishing j a . In the following we consider ideal MHD.
The ideal MHD equations may also be derived in the following invariant (or coordinate-free) form:
which physically expresses the fact that the magnetic field lines are frozen into the fluid and thus go with the flow. HereF is the Maxwell electromagnetic tensor regarded as a 2-form,Ū is the fluid 4-vector considered as a vector field (and not as a covector field) as is sometimes denoted by U # , and L denotes the Lie derivative. Interestingly, the evolution equation [Eq. (48) ] thus expressed does not involve the Riemannian (metric) structure of the manifold. We derive Eq. (48) as follows. The ideal MHD assumption of infinite conductivity implies that in the fluid rest frame E vanishes, or equivalentlỹ F contracted withŪ vanishes, which can be written as iŪF = 0. Here i denotes the interior product. The vanishing of the divergence of B and the Faraday induction equation are expressed asdF = 0 whered is the exterior derivative. Eq. (48) follows by applying Cartan's magic formula (Abraham et al., 1988) expressing the Lie derivative acting on a differential formα in the following way:
The effect of the frozen in flux is to make the fluid behave much like an anisotropic solid given that the flux lines cannot move relative to the fluid. For our purposes the most important consequence is the possibility of anisotropic stresses, which cannot occur for an unmagnetized perfect fluid.
For ideal MHD Eqs. (38) and (39) become
Now we should express b a in terms of the magnetic field in the laboratory frame.
In order to express the fluid quantities in terms of the metric notation in Eq. (1), the following quantities are useful. The exact inverse metric is 
with the index 0 indicating ct; N is the lapse function
The fluid four-vector becomes
with the Lorentz factor
The normal four-vector is
For the field in the laboratory frame, using B a n a = 0, we have
and similarly for the electric field E a and the current density j a . The index of B i is raised and lowered using δ ij as the metric. Using 0 = E a (u) = F ab u b , and expressing F ab in Eq. (35) in the laboratory frame, we can show
It is useful to have
where indices of η ijk are raised and lowered using δ ij as the metric. Using b a = * F ab u b and expressing * F ab in Eq. (36) in the laboratory frame, we have
Using this, Eq. (50) gives
where we set µ ≡ µ ≡ ̺c 2 , p ≡ p and π ij ≡ Π ij all in the fluid frame. The indices of Π ij are raised and lowered using δ ij as the metric. Using Eq. (57) we have
These relations expressing the fluid quantities in the comoving (energy) frame in terms of the fields in the laboratory (normal) frame, appear asymmetric in the fields. This is because although the energy-momentum tensor in Eq. (40) is frame invariant, the fluid quantities in Eq. (39) are not. Using the fluid quantities in Eq. (60), by replacing µ → µ+µ MHD etc., the fully nonlinear and exact perturbation equations in are now complete in the presence of MHD. A complete set of equations is presented in the Appendix.
In the presence of EM field, we also need to include the Maxwell equations. Taking the laboratory frame Eqs. (42)- (45) gives Eqs. (86)- (89).
Equations in this section and in the Appendix are fully general in Einstein's gravity, under the conditions stated below Eq. (1), with MHD. We have not yet imposed temporal gauge condition.
WEAK GRAVITY LIMIT: DERIVATION
Now, using the fully nonlinear and exact formulation of GR MHD presented in the Appendix, we prove equations in Sec. 2 by taking the weak gravity and action-at-adistance limit in Eq. (2).
The ADM momentum constraint equation in Eq. (80) becomes 2 3
where we decomposed
i . Now we take the maximal slicing as the temporal gauge condition
Thus
These give Eq. (14). Considering Eq. (15), Eqs. (64) and (65) gives
thus we have
and N = 1. The energy and momentum conservation equations in Eqs. (83) and (84), respectively, givė
The continuity equation in Eq. (85) giveṡ
These are three equations in Eq. (3). Derivation of Eq.
(68) deserves a special comment. It is important to carefully keep the gravity term in right-hand-side as explained above Eq. (23). As we examine Eq. (83) we notice that the first term in the equation leads to 3̺Ψ to the gravity part which is of the same order as we considerΨ ∼ Ψ ,i v i . This term, however, exactly cancels the χ i -term in the second line because of Eq. (71). The trace of ADM propagation and energy constraint equations in Eqs. (81) and (79), respectively, give Eqs. (10) and (11). We can show that the traceless part of ADM propagation in Eq. (82) simply gives a combination of Eqs. (10) and (11).
Finally, Eq. (78) gives
and using Eqs. (11), (64), and (68), we can show that this is naturally valid. This calls for comment as the validity of Eq. (71) in our approximation misses the gravity term in Eq. (68) in the derivation. This is because Eq. (71) is already a first-order post-Newtonian (1PN) order whereas our approximation is zeroth-order PN (0PN) in gravity while exact in matter part. Equation (78) is the definition of the trace of extrinsic curvature K i i and its PN nature is presented in Eq. (55) of Hwang et al (2008) .
Thus using the complete set of Einstein's equations, we have shown the consistency of our SR MHD equations with weak self-gravity presented in Sec. 2.
In the weak gravity limit, the effect of gravity does not appear in the Maxwell equations. Equations (86)- (89) become
in the ideal MHD. Equations (72) and (73) can be written as
These are the well known form of Maxwell's equations valid for SR MHD with Eq. (76). Thus we have derived the equations in Sec. 2.
DISCUSSION
The two formulations of relativistic MHD are new results in this work. These are the GR MHD in the fully nonlinear and exact perturbation formulation of Einstein's gravity, and the SR MHD with weak gravity.
The fully nonlinear and exact perturbation formulation of ideal MHD in Einstein's gravity is derived in Sec. 4 and the equations are presented in the Appendix. These are exact equations using perturbation variables imposed on the Minkowski metric, see Eq. (1). We have ignored the transverse-traceless perturbation, but including this as well as not imposing the spatial gauge condition can be trivially achieved. However, the equations may look complicated though. For a general hydrodynamic fluid, see Gong et al (2017) .
By taking the weak gravity and action-at-a-distance limits, we derived a consistent formulation of fully SR MHD with weak gravity, see Secs. 2 and 5. We show that the role of gravity on the dynamics is effectively the same as in the Newtonian limit. However, the SR effects of the fluid and EM field affects the metric, thus gravitational potentials, and these could affect the gravitational lensing, see Sec. 2.3. The SR effects, if important, might cause overestimation of the lensing mass, see Eq. (22).
The weak gravity formulation is derived in the maximal slicing (κ ≡ 0) gauge, which is the unique gauge choice with a consistent weak gravity limit. A similar choice of the zero-shear gauge (often termed as longitudinal or conformal Newtonian gauge), taking χ ≡ 0 as the slicing condition, leads to an inconsistent result by omitting the pressure term (see Sec. 2.3 in ).
Our weak gravity approximation is complementary to the PN approximation. The PN approximation perturbatively expands both gravity and matter consistently. To 1PN order we keep Φ/c (Chandrasekhar 1965; Greenberg 1971; Hwang et al 2008) . In this sense our weak gravity approximation with full SR is a 0PN approximation in gravity (Φ, Ψ and χ i ) but exact in the matter part (internal energy, pressure, stress, magnetic field, etc), and thus handles the matter part to ∞PN order. It is not a priori clear that such an asymmetric formulation is possible, but here we have shown that it is indeed possible. Extending the program to include gravity to 1PN order might be feasible.
The validity of our approximation can be checked by comparing with a full numerical relativity simulation in the same gauge (the maximal slicing together with our spatial gauge condition taken).
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